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$k_{l}(k_{1}\geq 2)$ $(k_{1}, \ldots, k_{l})$ (Euler-
Zagier ) (multiple zeta value, MZV)
(multiple zeta-star value, MZSV)
:
$\zeta(k_{1}, \ldots, k_{l})=\sum_{m_{1}>\cdots>m\iota>0}\frac{1}{m_{1}^{k_{1}}\cdots m_{l}^{k_{l}}},$ $\zeta^{\star}(k_{1}, \ldots, k_{l})=\sum_{m_{1}\geq\cdots\geq m_{l}>0}\frac{1}{m_{1}^{k_{1}}\cdots m_{l}^{k_{l}}}.$
$k_{1}\geq 2$ $k_{1}+\cdots+$
$k_{t}(=:k),$ $l$ MZV MZSV (weight), (depth)
1 MZV, MZSV Riemann
(Riemann )
$k$ MZV $\mathbb{Q}$
$Z_{0}= \mathbb{Q}, \mathcal{Z}_{1}=0, Z_{k}= \sum_{k_{1}+\cdots+k_{l}=k} \mathbb{Q}\zeta(k_{1}, \ldots, k_{l})$
$l\geq 1,k_{1}\geq 2,k_{2},\ldots,k_{l}\geq 1$
$Z_{k}$ Zagier
1 (Zagier [19]). $\dim_{\mathbb{Q}}Z_{k}=d_{k}$ . $\{d_{k}\}$ $d_{0}=1,$ $d_{1}=$
$0,$ $d_{1}=1,$ $d_{k}=d_{k-2}+d_{k-3}(k\geq 3)$
1813 2012 48-57 48
$k$ MZV $2^{k-2}$
$d_{k}$ $2^{k-2}$ $\mathbb{Q}$-
Goncharov [4], Deligne-Goncharov [3]
[18]
2([4, 3, 18]). $\dim_{\mathbb{Q}}\mathcal{Z}_{k}\leq d_{k}.$








MZV $\mathbb{Q}$- ( :
Hoffman’s basis Francis Brown )
1 Hoffman MZV
([10]) ( 2 )
3 MZV [16]
4 Hoffman- [6] - [12]
- [17]
5 -





2 $\mathfrak{H}=\mathbb{Q}\langle x,$ $y\rangle$ $\mathfrak{H}^{1},$ $\mathfrak{H}^{0}$
$\mathfrak{H}\supset \mathfrak{H}^{1}=\mathbb{Q}+\mathfrak{H}y\supset \mathfrak{H}^{0}=\mathbb{Q}+x\mathfrak{H}y$
$z_{k}=x^{k-1}y(k\geq 1)$ $\mathbb{Q}$- $Z:\mathfrak{H}^{0}arrow \mathbb{R}$ $Z(1)=1$






$*:\mathfrak{H}^{1}\cross \mathfrak{H}^{1}arrow \mathfrak{H}^{1}$ $\mathbb{Q}$- :
(i) $w\in \mathfrak{H}^{1}$ $1*w=w*1=w,$
(ii) $k,$ $l\geq 1$ words $w,$ $w’\in \mathfrak{H}^{1}$
$z_{k}w*z_{l}w’=z_{k}(w*Z\downarrow w’)+z_{l}(z_{k}w*w’)+z_{k+l}(w*w’)$ .







$p,$ $q$ $w,$ $w’\in \mathfrak{H}^{1}$ $*$
$z_{p}w*z_{q}w’=z_{p+q}(w*w’)$
( $*$ ) $L_{x}$ $L_{x}(w)=xw(w\in \mathfrak{H})$ $\mathbb{Q}-$
$\epsilon$
$\epsilon(x)=x+y, \epsilon(y)=-y$





























$\partial(ww’)=\partial(w)w’+w\partial(w’) (w, w’\in \mathfrak{H})$
$\mathfrak{H}$ $\mathfrak{H}$ $x$ $y$
$n\geq 1$ $\mathfrak{H}$ $\partial_{n}$
$\partial_{n}(x)=x(x+y)^{n-1}y, \partial_{n}(y)=-x(x+y)^{n-1}y$
MZV





Zagier Connes-Moscovici ( [2] )





$H$ $\mathbb{Q}$ $\mathfrak{H}$ wordw
$H(w)=\deg(w)w$





$n=1$ $c\in \mathbb{Q}$ $\partial_{1}^{(c)}=\partial_{1}$ $c\neq 0$ $n\neq 1$
$\partial_{n}^{(c)}$
7. (1) ( ) $n,$ $m\geq 1$ , $c,$ $c’\in \mathbb{Q}$ $[\partial_{n}^{(c)}, \partial_{m}^{(c’)}]=0.$
(2) $n\geq 1$ , $c\in \mathbb{Q}$ $\partial_{n}^{(c)}(\mathfrak{H}^{0})\subset \mathfrak{H}^{0}.$
[16] $w\in \mathfrak{H}^{1}$
$\mathcal{H}_{w}$ $\mathcal{H}_{w}(w’)=w*w’$ $\mathbb{Q}$- $\tau$
$\tau(x)=y,$ $\tau(y)=x$ $\tau$ MZV
$(1-\tau)(\mathfrak{H}^{0})\subset kerZ.$
$\chi=\tau L_{x}\epsilon$







9( ). $n\geq 1$ $c\in \mathbb{Q}$ $\partial_{n(\mathfrak{H}^{0})}^{(c)}\subset kerZ.$











Hoffman- [6] MZV - [17] ‘
’ $n$
$\mathfrak{H}$ $\mathfrak{H}^{\otimes(n+1)}$
$a$ $(w_{1}\otimes\cdots\otimes w_{n+1})=w_{1}\otimes\cdots\otimes w_{n}\otimes aw_{n+1},$
$(w_{1}\otimes\cdots\otimes w_{n+1})$ $b=w_{1}b\otimes w_{2}\otimes\cdots\otimes w_{n+1}$
$(a, b, w_{1}, \ldots, w_{n+1}\in \mathfrak{H})$ $\mathbb{Q}$- $C_{n}:\mathfrak{H}arrow \mathfrak{H}^{\otimes(n+1)}$
$C_{n}(x)=x\otimes(x+y)^{\otimes(n-1)}\otimes y,$
$C_{n}(y)=-x\otimes(x+y)^{\otimes(n-1)}\otimes y$
$C_{n}(ww’)=C_{n}(w)$ $w’+w$ $C_{n}(w’)$ $(w, w’\in \mathfrak{H})$
$\mathcal{M}_{n}:\mathfrak{H}^{\otimes(n+1)}arrow \mathfrak{H}$ $\mathcal{M}_{n}(w_{1}\otimes\cdots\otimes w_{n+1})=w_{1}\cdots w_{n+1}$
$\rho_{n}=\mathcal{M}{}_{n}C_{n}$ $\check{\mathfrak{H}}^{1}$ $wo$rd 1 $z_{k_{1}}\cdots z_{k\iota}$ ( $q$
$k_{q}>1)$ $\mathfrak{H}^{1}$ $A_{0}=1,$ $A_{j}=(x+y)^{j-1}y(j\geq 1)$
53
11. $k_{1}\geq n\geq 1,$ $k_{2},$ $\ldots,$ $k_{l}\geq 1$
$\epsilon L_{x}^{-1}\rho_{n}(A_{k +\cdots+k_{l}-n+1}-A_{k_{1}-n+1}A_{k_{2}}\cdots A_{k_{1}})$
$= \sum_{m=2}^{l}\frac{(-1)^{l-m}}{m}\sum_{=1}^{\iota}\sum_{\alpha_{1},,\alpha_{m}\geq 1}H(j, \alpha_{1}, \ldots, \alpha_{m})j\alpha_{1}+.\cdot.\cdot.\cdot+\alpha_{m}=l$
$H(j, \alpha_{1}, \ldots, \alpha_{m})$
$H(j, \alpha_{1}, \ldots, \alpha_{m})$
$=(z_{k_{j}}\cdots z_{k_{\alpha}1+j-1})*(z_{k_{\alpha_{1}+j}}\cdots z_{k_{\alpha+\alpha}12+j-1})*\cdots*(z_{k_{\alpha}1+\cdots+\alpha_{m-1}+j}\cdots z_{k_{\alpha+\cdots+\alpha m+j-1}1})$ ,
$( k $ modulo $1 \{1, \ldots, l\} )$
11
12 ([17]). $n$ $\rho_{n}(\check{\mathfrak{H}}^{1})\subset L_{x}\epsilon(\mathfrak{H}y*\mathfrak{H}y)(\subset kerZ)$.










$\check{\mathfrak{H}}^{1}$ $d$ $n,$ $d\geq 1$
$CSF_{d}^{n}=\langle\rho_{n}(w)|w\in\check{\mathfrak{H}}_{(d)}^{1}\rangle_{\mathbb{Q}}, CSF_{d}=\oplus_{n\geq 1}CSF_{d}^{n}$
14. $n,$ $d\geq 1$ $CSF_{d}^{n+1}\subset CSF_{d+1}^{n}.$
$\{L_{m}^{(n)}\}$ Lucas n-step :
$L_{m}^{(n)}=\{\begin{array}{ll}0 n=02^{m}-1 n>0, m=1, \ldots, n,L_{m-1}^{(n)}+\cdots+L_{m-n}^{(n)} n>0, m\geq n+1.\end{array}$
$\varphi$ Euler $CSF_{d}^{n}$ $\mathbb{Q}$










$\natural:\mathfrak{H}^{1}\cross \mathfrak{H}^{1}arrow \mathfrak{H}^{1}$ $\mathbb{Q}$ :
(i) $w\in \mathfrak{H}^{1}$ 11 $w=w\natural 1=w,$
(ii) $k,$ $l\geq 1$ words $w,$ $w’\in \mathfrak{H}^{1}$
$z_{k}w\natural z_{l}w’=z_{k}(w\natural z_{l}w’)+z_{l}(z_{k}w\natural w’)$ .
$\natural$ $*$ $\mathfrak{H}^{1}$ ( MZV
MZSV )
16 ([11, 15]). $a,$ $b,$ $c\geq 1$ $m,$ $n\geq 0$
$\sum_{i+p+2q=m}$




$a=3,$ $b=1,$ $c=2$ $Z$
17. $m,$ $n\geq 0$
$m_{0} \Sigma_{i=0}^{2n},m_{i}=m\sum_{m_{2n}\geq 0}\zeta^{\star}(\{2\}^{m_{0}},3, \{2\}^{m_{1}},1, \{2\}^{m_{2}}, \ldots, 3, \{2\}^{m_{2n-1}},1, \{2\}^{m_{2n}})\in \mathbb{Q}\pi^{2m+4n}$
MZV Bowman-Bradley ( $\zeta$ [1] )
MZSV
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